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ABSTRACT.  This study is devoted to the mathematics behind a reconstruction methodology based 
on the radiative transfer equation of a refractive index arbitrary distribution. The targeted algorithm 
should be of the least-squares and gradient type, relying on the adjoint to the radiative transfer equation 
for varying refractive index, which is a novelty. Preliminary tests are demonstrated on generic 
phantoms.  
 

INTRODUCTION 
 

The ‘shadows dancing in fire’ romantic image is evidence that spatial variation of refractive index 
has been an ingredient helping mankind visualizing non-isothermal flows for many years. Those 
shadows and distorted pictures created by refraction are due to the fact that hot air or combustion 
products have a different refractive index than the surrounding cold air, as described by the 
Gladstone-Dale equation. This was noticed in the seventeenth century by the famous scientist R 
Hooke, Micrographia, Observation LVIII, who built laboratory devices to exploit this flow optical 
imaging opportunity and made a demonstration at the Royal Academy of Sciences of what is now 
known as Schlieren imaging. However, Schlieren imaging is only a qualitative projection picture 
and research is underway to overcome this limitation, such as the BOS technique [1]. 
 

Regarding dense media probing, optical tomography is also receiving interest in the refractive index 
as an optical variable to be reconstructed, e.g. [2] where it has indeed been found that refractive index 
offers a good sensitivity for reconstruction. In this context, the studies dedicated to model-based 
inversion of a refractive index distribution employ the Diffusion Approximation (DA) to the Radiative 
Transport Equation (RTE). The DA is a convenient tool, computationally efficient but suffers from 
numerous drawbacks as it is unsuitable for non-highly scattering media such as areas with low 
scattering, or close to boundaries. Furthermore, in their comparison with the Monte-Carlo method as a 
benchmark, Brewster and Yamada [3] indicated that the DA fails in predicting the maximum 
hemispherical reflectance which surges quickly after an ultra-short laser pulse.  
 
It is thus important to look forward using the full RTE in the reconstruction process of refractive index 
distributions. The recent years have been prolific for the reformulation of the RTE accounting for 
arbitrary distribution of refractive index in a set of familiar continuum operators. This has unlocked the 
way towards a numerical treatment of the RTE using well known paradigms for the simulation of field 
equations namely: finite-difference, finite-volume, and finite-element [4]. Those studies follow the 
pioneering work of Lemonnier and Le Dez [5], who, instead of the ray tracing method, proposed to 
maintain the RTE in its local form by splitting the streaming operator into a conventional divergence 
operator and a second divergence operator in the angular space accounting for the bending of the rays. 
This bending, in the specific framework of the discrete ordinates method sought by the authors, is 
operated by a transfer of luminous energy between neighboring quadratures at each node of the 
domain, as governed by the Fermat principle. We are indebted to all these developments for the 
building of our RTE-based optical refractive index imaging algorithm presented below. It must be 
added that an inverse problem based on a 1-D RTE with variable refractive index as found in [5] has 
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